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CHROM. 774s 

MOMENT VECTORS IN LINEAR GAS CHROMATOGRAPHY 

lNTRODUC-I-109 

II1 tile dtZV~ll~i~iilCllt of cilroil~atograp!lic thcor~. the cilroiilato~rapilic pructss 

has beet1 investigMed by timlogy with tile processes ofa Illtiiti-stag-e distillation and/or 

;I coiintw-current distriburion. so rtlat the nirItlicni2ticril crprcssions and even the 

wcilnical tt’rIlx oi‘chrc~Il~tIt~~~r;Ii~il~ \vcrc derived lion> these processes and the number 
of‘ t!ie tkoretical plates ~35 rt’” ,arded 2s one of tk most inlportttnt quantities’. Oil 
the other hand. many \vorkcrs have recently q~prwiatrd the use ofstatistical tnonlmts 
tix- tile niatlien~stic~ti trtxltnicnt of chromttto~rapiiic t!xory’-I”_ II: tilesc cases. tile 

conventionrtl c!lroiiiatograpiiic quanti!ics such as peak iirr’ii, retention time. plate 
height. niiintm- ofthcoreticai plates and resoitition have been related to tiic statistical 
nwnients in the fwnis 
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IV = (JI;)p12 (3) 

H - L !rLJ(nr;,’ (4) 

R -= ‘dl; - ‘:\I; I / 4( \-“:\I, -L ,~“M1) (5) 

where the superscript numeta1s in eqn. 5 specilk the solutes. 
It may follow from the above equations that all the conventional quantities 

involve at most the second statistical moments. Ho\\ever. the use of higher momentz 
added the following newly defined quantities to the conventional quantities: 

Ef’ = L’dZJ( 32; )3 (6) 

H” == L-‘ [AZ, - 3 ( ilz,)‘]i(‘ll;)2 (7) 

These quantities were first introduced by Grubner cv (I/.‘, but M” is defined 
differentIy here_ Both H’ and H”, which \\c can temporarily call -‘the second and the 
third pIate hei#ts-‘_ respectively, in distinction from the ordinary plate height. are 
independent of the column length, L, and it is desirable that they should be as close 

as possible to zero for the optimum column conditions. L -1s well 3s M. With these net\ 
quantities, we can describe column performance more precisely_ In this paper? \ve first 
introduce the concept of a moment vector, which was suggested by the known equa- 
tions of statistical moments for some chrc~matographic systems. and then apply it to 
determine the effect of pressure drop on the stz?tisticaI moments and the efficiencies 
of gradient-loaded columns that have ‘ ‘1 systematic variation of the distribution ratio 

down the column- 

MOMENT VECTORS 

First we deiine the moment vector :s 

1 
:rr; 
rlfz 

1 

Jf = 
I 

:,I3 
(S) 

i 32, - 3 (111,)’ I 
where each clement is called cumulant_ The zeroth moment is not included hew 
because it is significant only for the case where the chemical reaction takes place in 
the column_ From the well known relationship between the statistical moments and a 
distribution function, f(t). it follows that 

--aft% 

where s is a cornpIes variable. 

In 2 linear gas chromatographic system, a function describing a breakthrough 
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curve, f,(r), is given as the convolution of an input distribution, f,(r), and a column 
characteristic function, f,(r): 

(10 

In the case where the input function is Dirac’s i) function, 

f,(r) = t;* A(r) == f;(f) (11) 

From eqns. 9 and 10, it follows that the nwnient vectors have the relationship 

the st:itistiwl nionlcnts lkr \*arious cliromtttographic systems_ In those works, two 
types of boundary conditions \vere employed (for instance. see eqns. S and 9 in ret 7). 
In type I, the input amount is regarded as a pulse in time domain. ic.. f,(f) == Nf 1 

(see also cqn_ 20 in this paper), and in type II, :i pdse in the column coordinate do- 
main, ix., t;(z) ---z h(z)_ KuS-era” set the type II of boundary condition for the c:wz of 
gas chrc~matograph~. \vhile Grubner 6.f (II_’ assumed that in Fas-solid chromr?to~r~ipl~~ 
the ternis ~1 ith higher pmver of L) (dNusion coelticient) and II (carrier gas velocity) in 
the nlmnent equations could be neglected. This assumption leads to the same results 
for the n1oments as arc obtained under the type t condition. Thus, UC t;tke the type I 
condition in the present paper. The statistical moments of output quantity, higher 
out’s inclusive. calcultltcd according to tape II. involve surplus terms added to those 
calculated according to tvpe I (for inst&e_ see cqns_ 39-Q in ref. 7)_ Such term, of 
course, do not appear it-type I is cmplo;cd_ Moreover, such ;i cross term in the fourth 
mumcnt. as sl~own by K&i& in cqn. 27 in his paperi. is cancellt?d out 13~ the terni 
3.111) in cqn. S in this paper. Tli~is, eqn. 12 is va!id as far as type I considered_ 

By applying the above discussion to a small segment of the column in the same 
nianner as stated by Giddines’, the foi!a\ving relationship ma_v be obtained for linear 
cliroInato~_r~~pli~ under the type I condition I 

. 1111, .vz I= (13) 

\vhcrc. 131, and. 1z are the colu~nn nlomr’nt vector and the Icngth of a sn~ll segment 
of column. respectively. 

If we rake I’, 3s a proportioml coefficient: 

I ill‘. -: I’, _ 11 (14) 

theu the total colunm moment vector is given 3s the ~LIIII 01~. IX, :uxordin~ to the 
additivity of the cunwlant: 
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where IZ is the total number of the small segnents. if !/, is continuous with respect to 
L over the whole column length, L, then it is possible to transcribe eqn. 15 to 

IV, = &. ds (16) 
0 

Hereafter VC will be called the “differential moment vector*‘_ 
From the literature dealing with statistical moments in linear chromatography. 

I/, can be given as a power series of the reciprocal of the carrier gas velocity, II. Thus 
it may be convenient to espress V, as the product of a matris and a vector: 

V=AU C (17) 

From eqns. 16 and 17: 

IV, = J=A U dz (1s) 
0 

In order to show the examples of matrix A and vector ti_ we now consider the 
following set of equations describin g the mass balance in a linear chromatographic 
system=: 

A = 1: (KC - CJ 
ar 

(I’)) 

(20) 

with the type I boundary condition, 

where 

C(r,O) = h(t). C(0.z) = 0, C(f#x) =. 0 

(21) 
C&,0) = 0, C,(O,z) = 0 

the longitudinal diffusion coefficient, D, is equated to yD, +- &I,+ 
From the solution obtained by the Laplace transform of eqn_ 19, the first 

ordinary moment and the second to fourth central moments are calculated in a general 
way_ The moment vector thus obtained is then separated into matris -4 and vector (;; 
giving the results 

.-I = (aij);i= 1, ____,Lc:j= 1, .___,7 (22) 

where 
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In the cat‘ \vhere the pressure drop is negligible tltld column cliarxteristic parameters 
such as ditFusior; coetticient. D, distribution ratio, k, mass tr:mSfer co&Xcient_ E. etc.. 
\vliich are involved in the elen~ents ol- nlatris =I. Iiave certain \aritttion do~~i the 

column. 

In the following sections, the elkct of pWSSUit2 drop on tile pltite llCiglit_ the seci~nci 

ond t!ie third plate heights (See eqm. 6 :z?d 7) iIxluSik-c. are discmsed v. itli the help 
of eqn_ 21, atid the elliciencv of gradient-loaded Cirlunlr?S tli;tt llt?\v s_\-steilwtic \':lii;l- 

tions of the distribution ratio with respect to z is discussed by using cqn. 25. 

EFFECT OF PRESSURE DROP ON THE PLATE HEIGHT 



6 K- YAMAOKA, T_ NAKAGAWA 

it follows readily rhat M, can be related irz a general way LO the pressure-corrected 
carrier 9s vehcity vector, Up, in the hrm 

:\I, == -4 up L (W 

where 

2 
pi :-= ___ - 

(p,/p<,)‘+’ - 1 

_j + 2 (P,jPo)Z - 1 
f j .=-= I, _ _ _ _ _ 7 (30) 

and PJP<, is the ratio of inlet and ourlet pressures_ Thus, according to cqns. 2 and 1, 
retention Lime and plate height are given, respectively, by 

(32) 

Eqn. 32 corresponds to the pressure-corrected Van Decmter equaLion_ Giddingsl and 
Underhill presented a similar equation in which the .-I and B terms ii? V:un Deemter‘s 
equation were corrected in combination, not separately. Thus. the correction factor. 
P,[(P$_ in the last term on the right-hand side of cqn- J- -’ is first introduced in this 
paper_ Figs_ I, Z and 3 iIIusLraLe I/P,, PJ(P,)' and P3/(Pl)2 as fwctions of I’ iP(, 1 II 
respectively. It foIlows from Figs_ I and 2 that P2/(P,)2 sho~;.s only ;i slight increase 
with PI/PO. while the magnitude of the increase in PJ( PI)? is comparable K ith rhat in 
PI/PO_ The kctor liPI in Fig. 3, however, show a marked decrease with increase 
in PI/PO. i_e., I/P, contributes to the pIaLe height in a contrary manner LO PJ(P$ 
and P3j(P,)2_ The second and the third plate heights defined by eqns. 6 and 7 are also 
corrected by the pressure drop: 
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Grubner et rtl_’ used these quantities (Z and Fin his work) for the experimental 
verification of his theory without taking account of the elTect of pressure drop on the 
statistictll moments. Holvever, eqns. 33 and 34 still indicate the necessity of the prix- 
sure drop correction for these quantities. 

Fig. 3. Plot of Pj:‘(P,)’ w-sf~.~ P,;Pt,. 

EFFICIENCIES OF GRADIENT-LOADED COLUMNS 

-i-o illustrate the simplicity of the moment vector espression, we now consider 
the efficiencies of gradient-loaded columns. The gradient-loaded colunm, which w::s 
tirst discussed by Mcioan and co-\\orkersL1-12, has t; certain systematic gradient 
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(linex or exponential) in the distribution: ratio k_ In such ;1 case, maris A is ;1 function 
ofz, and 81, can be calculated according to eqn. 25 if the pressure drop is negligible_ 
On the other hand, for the classical column, which involves no such gradient in k. 
matrix -4 becomes constant_ For the classical column, retention time and the second 
central moment are given by substituting eqns_ 22 and 23 into eqn. 25: 

t,’ = L( I -6k)fn 

Mf = xk,~tcrr f ZL(yD,, + Lt/,rt) (I -;k,)yi’rr 

For the gradient-Iortded coiumn, k is ;1 function of z, and then similarly 

(35) 

(36) 

tG r -7 ; (1 et./,-) d= (37) 
0 

Since Schwartz‘s inequaliry proves that the quantity in brttckets on the right-hand side 
of the above equation is t?lways positive, 

It fof1o~v-s from eqns_ 4 and -II that the plate height of a given soltite is al\\ttys larger 
for the gadicnr-loaded column than for the classical column it’the solute has the s.;?mt 
rerention time h- both columns_ Nest we consider the resolution of tv.o peaks \y!lich 
are eiuted closely next to each other. In such a cae, the numerators ofeqn. 5 for both 
COILIIIIIIS are almost equal_ while the denominator for the gradient-loaded cn!umn is 
obviously larger than that for the classica coIumn_ which suggests thxt the gradicr;t- 
loaded coiumn gives a \:eorse resolution than the classic& column_ The foregoing di+ 
cussion involves the implicit assumption th3t the grts-phttsc m11;tss trzisti5r cocffrcient. 
lc, is independent ofk. However, even in the case where K is related to k in the tYxm*J 

it will be readiIy found that an inequality similar to eqn_ 41 can be established by 
substituting eqn. 42 into eqns. 36 and 38. It is understandable from the above discus- 
sion that the gradient-loaded column has no special merit for column efkiencies and 
that the stationary phase should be packed in a column as homogeneously as possible 
for sood column performance_ 
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LIST OF SYMBOLS 

mh central nionwnt 
calunin length coordinate 

tinic 
petmedhility constztnt 
pressure correction klctor 
solute concentration in mobile pliasc 
solute cmccntration in stationary phase 
distribution coeflicient 
\olt~me ratio of stationary phase to mobile phase 
distribution ratio ( -~ A;!F) 
cll-active ditiilsian coefiicknt in niobile phase 
ni2ss 11 anstb coetticicnt 
constant concernin g reguhritv 01‘ coli~~iin packing 
aveci~e particle Jimiieter of colii~im packing 
niolrcular riiftihm coctlicient 
coli~~iiri i&t pressure 
c~~lu~ii~i autlct pressure 
tlliCkilCSS ot‘ stationary phase 
diKusion coetticicnt in stationary phase 
CllIlSt;lIltS 


